Semiclassical black holes emit radiation called Hawking radiation. Such radiation, as seen by an asymptotic observer far outside the black hole, differs from original radiation near the horizon of the black hole by a redshift factor and the so-called "greybody factor". In this paper, we concentrate on the greybody factor-various bounds for the greybody factors of non-rotating black holes are obtained, concentrating on charged Reissner-Nordström and Reissner-Nordström-de Sitter black holes. These bounds can be derived by using a 2 × 2 transfer matrix formalism. It is found that the charges of black holes act as efficient barriers. Furthermore, adding extra dimensions to spacetime can shield Hawking radiation. Finally, the cosmological constant can increase the emission rate of Hawking radiation.
I. INTRODUCTION
Classically a black hole is associated with the concept that anything which enters the black hole cannot escape. In 1974, Stephen Hawking, however, showed that semiclassically a black hole could indeed emit quantum radiation, an effect which became known as Hawking radiation [1] . This effect was derived by studying quantum field theory in a black hole background. In the context of quantum field theory, creation and annihilation of particles are possible. If pair production occurs near a black hole horizon, one can picture Hawking radiation as one of the particles from pair production falling in, with the other moving away from the black hole. An observer outside the black hole can see this particle as Hawking radiation. But according to general relativity, a black hole curves spacetime around it. This nontrivial spacetime behaves as gravitational potential under which particles move. Some of them are reflected back into the black hole and others are transmitted out of the black hole. Therefore, Hawking radiation seen by an observer far outside the black hole differs from radiation which had not yet been scattered by the gravitational potential. This difference can be measured by the so-called "greybody factor".
There have been a number of studies devoted to calculating these greybody factors. Some used the WKB approximation to calculate the greybody factors of the four-dimensional Schwarzschild and Reissner-Nordström black holes [2] [3] [4] . Some solved the wave equation in a black hole background by various approximations [5] [6] [7] . However, there is a rather different analytic technique to derive rigorous bounds on the greybody factors [8] [9] [10] . By using this method, bounds on the greybody factors * tritos.ngampitipan@gmail.com † petarpa.boonserm@gmail.com of the four-dimensional Schwarzschild black holes was obtained in Ref. [11] . In this paper, we extend the analysis and derive rigorous bounds for the greybody factors of the four-dimensional Reissner-Nordström black holes, the higher dimensional Schwarzschild-Tangherlini black holes, the charged dilatonic black holes in (2 + 1) dimensions, and the charged dilatonic black holes in (3 + 1) dimensions.
II. THE REISSNER-NORDSTRÖM BLACK HOLES
The Reissner-Nordström (RN) metric is given by
where dΩ 2 = dθ 2 + sin 2 θdφ 2 and
The Schrödinger-like equation governing the modes is given by
where r * is the standard "tortoise coordinate"
and
Some purely technical computations are relegated to Appendix A. We can see the structure of the ReissnerNordström potential with Q = 1 and M = 2 from Fig.  1 .
Using the analysis of [8] [9] [10] , lower bounds on the transmission probabilities are given by
where
for some positive function h. We set h = ω, then
If the black holes have no electric charges or magnetic charges, it is found that A = GM and the above bound is reduced to
which is exactly the bound for the Schwarzschild black holes emitting spinless particles [11] . From Fig. 2 , the graph is plotted by setting GM = 2 and ω = 2. The point A = 2 corresponds to the uncharged RN black hole (which is the Schwarzschild black hole). The point A < 2 describes the effects of charges on the bound of the greybody factor. From the value of A, decreasing of A corresponds to increasing the magnitude of charges. The graph shows that when the magnitude of charges increases, the bound of the greybody factor decreases. That is the charges are good barriers to resist tunneling of uncharged scalar particles. Moreover, the transmission coefficients is smaller in higher angular momenta. By using the WKB approximation, the approximate transmission coefficient is given by [4] 
We find that
Derivation of this equation is given in Appendix B. Turning now to an asymptotic analysis inspired by studies of quasi-normal modes, the approximate transmission coefficient for large ω is given by [12] [13] [14] T
The greybody factors obtained from the 2 × 2 transfer matrix formalism [Eq. (8) ] are compared with the asymptotic result [Eq. (14)] on the graph shown in Fig. 3 . The graph shows that the result from the 2×2 transfer matrix is closed to the asymptotic result at large ω. Moreover, the 2 × 2 transfer matrix gives a true lower bound. 
III. THE SCHWARZSCHILD-TANGHERLINI BLACK HOLES
The Schwarzschild-Tangherlini metric in d dimensions is given by [7] 
where the Schwarzschild radius r 0 in d dimensions is given by
with
The Schrödinger like equation is given by
with From Fig. 4 , the Schwarzschild-Tangherlini potential is plotted with l = 1 and GM = 1 in various dimensions.
The lower bound on the transmission probability for h = ω is
If d = 4, this bound is reduced to
which is, again, exactly the bound for the fourdimensional Schwarzschild black holes emitting spinless particles. Figure 5 shows the plot between the transmission coefficients and the black hole mass in various dimensions. The graph is plotted by setting l = 1 and ω = 2. The line d = 4 corresponds to the fourdimensional Schwarzschild black hole. The graph shows that when the black hole mass increases, the bound of the greybody factor also increases. However, for the same mass the bound of the greybody factor is less in higher dimensions [15] .
IV. THE CHARGED DILATONIC BLACK HOLES IN (2 + 1) DIMENSIONS
The Charged Dilatonic metric in (2 + 1) dimensions is given by [5] where
For M > 8Q √ Λ, this spacetime describes a black hole with two event horizons
For simplicity, we consider the case of linearized cosmological constant. By linearized cosmological constant we mean it is so small that its higher power can be approximated by zero. The potential becomes
The (2 + 1) charged dilatonic potential is plotted with m = 1, Λ = 0.1, Q = 1, and M = 10 as shown in Fig. 6 . The coordinate r * can explicitly be written as The lower bound on the transmission probability for h = ω is
where The exact transmission coefficient is given by [5] 
(35) Figure 7 shows the greybody factors of the uncharged dilatonic black holes in (2 + 1) dimensions obtained from the 2 × 2 transfer matrices [Eq. (33)] and from [5] [Eq.
(35)]. The graph is plotted by setting m = 0, M = 10, Q = 0, and Λ = 0.3. The graph shows that when the energies of emitted particles increase, the greybody factors also increase. It can be seen that the result derived from the 2 × 2 transfer matrices is quite accurate when compared with the exact result. At least, it is, really, a lower bound. Note that the 2 × 2 transfer matrices used to obtain the lower bound (33) are much easier than the methods used to obtain the exact result in Eq. (35). Figure 8 shows the effect of the charges on the bound of the greybody factor. The graph is plotted by setting m = 0, M = 10, ω = 2, and Λ = 0.1. The graph shows that when the charges increases, the bound of the greybody factor decreases. This result is similar to the RN black hole's result; that is the charges behave as good barriers to resist tunneling of uncharged scalar particles. Figure 9 shows the effect of the cosmological constant on the bound of the greybody factor. The graph is plotted by setting m = 0, M = 10, ω = 2, and Q = 1. The graph shows that when the value of the cosmological constant increases, the transmission coefficient also increases. That is the cosmological constant makes the gravitational potential produced by the black hole transparent. 
V. THE CHARGED DILATONIC BLACK HOLES IN (3 + 1) DIMENSIONS
The Charged dilatonic metric in (3 + 1) dimensions is given by [6] 
The equation of motion for the radial part is given by
(39) Let
then
The potential is given by
The ( lower bound on the transmission probability for h = ω is Figure 11 shows the effect of the charges on the bound of the greybody factor. The graph is plotted by setting M = 10, ω = 2, and l = 1. The graph shows that when the charges increases, the bound of the greybody factor decreases. This result is also similar to the Reissner-Nordström black hole's and the (2 + 1) dimensional charged dilatonic black hole's result. That is the charges behave as good barriers to resist tunneling of uncharged scalar particles.
VI. CONCLUSIONS
The rigorous bounds presented in this paper only work for some potentials. Such potentials have to satisfy V (±∞) → V ±∞ . In this paper, the bounds have been applied to various types of black holes.
For the four-dimensional Reissner-Nordström black holes, the charges act as a good barrier. This can also occur for the charged dilatonic black holes both in (2 + 1) and (3 + 1) dimensions. For the SchwarzschildTangherlini black holes, a number of dimensions can shield Hawking radiation. In this appendix we shall present some of the technical details leading to the Schrödinger-like equation for scalar modes in the Reissner-Nordström geometry. The Reissner-Nordström (RN) metric is given by
Therefore, the metric tensor reads
and the inverse metric is given by Since the covariant derivative of a one-form is given by
where the Christoffel symbol is defined by
we obtain
Now, we compute the nonzero Christoffel symbols. We derive 
